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Our starting point will therefore be the BS equation which is taken
for granted:
∂V
∂t
+
1
2
σ2S2
∂2V
∂S2
+ rS
∂V
∂S
− rV = 0, S ≥ 0, t ∈ [0, T ], (1)
where V (S, t) is the value of the option, S the price of the underlying,
t the time, T the expiration date, σ the volatility of the underlying
and r the risk-free interest rate. The BS Eq. (1) is a linear parabolic
equation of the form
∂v
∂t
=
∂2v
∂x2
+ a
∂v
∂x
+ bv, (2)
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i) Funzioni di due o piu` variabili: derivate parziali, massimi e minimi
liberi e vincolati
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Syllabus
i) Funzioni di due o piu` variabili: derivate parziali, massimi e minimi
liberi e vincolati
ii) Equazioni differenziali ordinarie del primo ordine
iii) Misura e integrale di Lebesgue
iv) Trasformata di Fourier ed Equazioni alle derivate parziali per la
finanza
v) Introduzione alla statistica matematica
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Bibliografia
Slides e altro materiale da ams campus.
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a) 28 ottobre 2015 ore 14 Aula 21
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Prove d’esame
a) 28 ottobre 2015 ore 14 Aula 21
b) 8 gennaio 2016 ore 14 Aula 21
Modalita` d’esame
prova scritta teorico pratica a libri chiusi
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Studenti in debito di Ricerca Operativa
Possono seguire e fare l’esame: non ci sono stati sostanziali cambia-
menti di programma
Studenti in debito corso prof. Plazzi aa 2010/2011
Devono sostenere l’esame con programma e modalita` attuali
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Ricevimento
previo appuntamento via mail daniele.ritelli@unibo.it
non si tratta di un metodo di dissuasione ma dell’ottimizzazione del
tempo di tutti
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Ricevimento
previo appuntamento via mail daniele.ritelli@unibo.it
non si tratta di un metodo di dissuasione ma dell’ottimizzazione del
tempo di tutti
Esercitazioni
gestite da Alessandro Gambini, sono parte integrante del corso
Homework
verranno assegnati esercizi da svolgere, che se riconsegnati nei tempi
stabiliti saranno tenuti in considerazione per la valutazione e consen-
tiranno di alleggerire la prova scritta del 28 ottobre
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Calendario indicativo delle consegne Homework
• luned`ı 28 settembre
• luned`ı 5 ottobre
• luned`ı 12 ottobre
• luned`ı 19 ottobre
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Euclidean Space
For any n ∈ N let Rn denote the n-fold Cartesian product of R with
itself
Rn := {(x1, x2, . . . , xn) : xj ∈ R for j = 1, 2, . . . , n}
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Euclidean Space
For any n ∈ N let Rn denote the n-fold Cartesian product of R with
itself
Rn := {(x1, x2, . . . , xn) : xj ∈ R for j = 1, 2, . . . , n}
By Euclidean space we shall mean Rn together with the “Euclidean
inner product” we are going to introduce. The integer n is called
the dimension of Rn, elements x = (x1, x2, . . . , xn) of Rn are called
points or vectors or ordered n-tuples, and the numbers xj are called
coordinates, or components, of x
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Two vectors x, y are said to be equal if and only if their components
are equal; i.e., xj = yj for j = 1, 2, ..., n. The zero vector is the vector
whose components are all zero; i.e., 0 := (0, 0, ..., 0). When n = 2
(respectively, n = 3), we usually denote the components of x by x, y
(respectively, by x, y, z).
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Definition. Let x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn) ∈ Rn be
vectors and α ∈ R be a scalar.
(i) The sum of x and y is the vector
x+ y := (x1 + y1, x2 + y2, . . . , xn + yn)
(ii) The product of a scalar α and a vector x is the vector
αx = (αx1, αx2, . . . , αxn)
(iii) The (Euclidean) dot product (or scalar product or inner product)
of x and y is the scalar
x · y := x1y1 + x2y2 + · · ·+ xnyn
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Observe that
(iv) The difference of x and y is the vector
x− y := (x1 − y1, x2 − y2, . . . , xn − yn)
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We define the standard basis of Rn to be the collection e1, . . . , en,
where ej is the point in Rn whose j-th coordinate is 1, and all other
coordinates are 0.
By definition each x = (x1, . . . , xn) ∈ Rn can be written as a linear
combination of the ej’s:
x =
n∑
j=1
xjej =
n∑
j=1
x · ejej
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We define the standard basis of Rn to be the collection e1, . . . , en,
where ej is the point in Rn whose j-th coordinate is 1, and all other
coordinates are 0.
By definition each x = (x1, . . . , xn) ∈ Rn can be written as a linear
combination of the ej’s:
x =
n∑
j=1
xjej =
n∑
j=1
x · ejej
Notice that the usual basis {ej} consists of pairwise orthogonal vectors
in the sense that ej ·ek = 0 when j 6= k. In particular, the usual basis
is an orthogonal basis.
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Definition. Let x ∈ Rn. The (Euclidean) norm (or magnitude) of x
is the scalar
||x|| :=
(
n∑
k=1
x2k
)1/2
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Definition. Let x ∈ Rn. The (Euclidean) norm (or magnitude) of x
is the scalar
||x|| :=
(
n∑
k=1
x2k
)1/2
Remark.
||x||2 = x · x
Theorem: Cauchy–Schwarz inequality
|x · y| ≤ ||x|| ||y||
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Norm properties. If x, y ∈ Rn, then
(i) ||x|| ≥ 0 with equality only when x = 0
(ii) ||αx|| = |α| ||x|| for all scalars α
(iii)
||x+ y|| ≤ ||x||+ ||y||
||x− y|| ≥ ||x|| − ||y||
(iii) are said triangle inequalities
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Topology
Definition
(i) For each r > 0, the open ball centered at a of radius r is
Br(a) := {x ∈ Rn : ||x− a|| < r}
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Topology
Definition
(i) For each r > 0, the open ball centered at a of radius r is
Br(a) := {x ∈ Rn : ||x− a|| < r}
(ii) For each r ≥ 0, the closed ball centered at a of radius r is
Br(a) := {x ∈ Rn : ||x− a|| ≤ r}
When n = 1, the open ball centered at a of radius r is the open interval
(a− r, a+ r), and the closed ball is the closed interval [a− r, a+ r].
18/26 Pi?
22333ML232
Definition
(i) A set V in Rn is said to be open if and only if for every a ∈ V
there is an ε > 0 such that Bε(a) ⊆ V
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Definition
(i) A set V in Rn is said to be open if and only if for every a ∈ V
there is an ε > 0 such that Bε(a) ⊆ V
(ii) A set E in Rn is said to be closed if Ec := Rn \ E is open
Remark Every “open” ball is an open set
Remark If a ∈ Rn then Rn \ {a} is open and that {a} is closed
Remark For each n ∈ N, the empty set ∅ and the whole space Rn
are both open and closed.
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Definition Let n ∈ N and a ∈ Rn, let V be an open set which
contains a, and suppose that f : V \ {a} → R. Then f(x) is said to
converge to `, as x approaches a, if and only if for every ε > 0 there
is a δ > 0 (δ in general depends on ε, f, V, and a) such that
0 < ||x− a|| < δ =⇒ |f(x)− `| < ε
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Definition Let n ∈ N and a ∈ Rn, let V be an open set which
contains a, and suppose that f : V \ {a} → R. Then f(x) is said to
converge to `, as x approaches a, if and only if for every ε > 0 there
is a δ > 0 (δ in general depends on ε, f, V, and a) such that
0 < ||x− a|| < δ =⇒ |f(x)− `| < ε
In this case we write
lim
x→a f(x) = `
and call ` the limit of f(x) as x approaches a.
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Definition Let ∅ 6= E ⊆ Rn and let f : E → R.
(i) f is said to be continuous at a ∈ E if and only if for every ε > 0
there is a δ > 0 (which in general depends on ε, f and a) such that
||x− a|| < δ and x ∈ E =⇒ |f(x)− f(a)| < ε
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Definition Let ∅ 6= E ⊆ Rn and let f : E → R.
(i) f is said to be continuous at a ∈ E if and only if for every ε > 0
there is a δ > 0 (which in general depends on ε, f and a) such that
||x− a|| < δ and x ∈ E =⇒ |f(x)− f(a)| < ε
(ii) f is said to be continuous on E if and only if f is continuous at
every x ∈ E.
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A subset B ⊂ Rn is bounded if there exists M > 0 such that ||x|| ≤M
for any x ∈ B
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compact), then so is its image under any continuous function.
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A subset B ⊂ Rn is bounded if there exists M > 0 such that ||x|| ≤M
for any x ∈ B
It is fundamental that if a set is both closed and bounded (we call it
compact), then so is its image under any continuous function.
Theorem. Let n, m ∈ N. If H is compact in Rn and f : H → Rm is
continuous on H, then f(H) is compact in Rm.
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Theorem. [K. Weierstrass]. Suppose that H is a nonempty subset
of Rn and f : H → R. If H is compact, and f is continuous on H,
then
M := sup{f(x) : x ∈ H} and m := inf{f(x) : x ∈ H}
are finite real numbers. Moreover, there exist points xM , xm ∈ H
such that M = f(xM) and m = f(xm).
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Partial derivatives
The most natural way to define derivatives of functions of several
variables is to allow one variable to move at a time.
If f : Rn → R is a real function of n variables the partial derivative
fxj exists at a point a if and only if the limit
∂f
∂xj
(a) := lim
h→0
f(a+ hej)− f(a)
h
exists
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Higher-order partial derivatives are defined by iteration. For example,
the second-order partial derivative of f with respect to xj and xk is
defined by
fxjxk :=
∂2f
∂xk∂xj
:=
∂
∂xk
(
∂f
∂xj
)
when it exists. Second-order partial derivatives are called mixed when
j 6= k
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Definition. Let V be a nonempty, open subset of Rn, let f : V → R,
and let p ∈ N.
(i) f is said to be Cp on V if and only if each partial derivative of f of
order k ≤ p exists and is continuous on V.
25/26 Pi?
22333ML232
Definition. Let V be a nonempty, open subset of Rn, let f : V → R,
and let p ∈ N.
(i) f is said to be Cp on V if and only if each partial derivative of f of
order k ≤ p exists and is continuous on V.
(ii) f is said to be C∞ on V if and only if f is Cp for all p ∈ N
25/26 Pi?
22333ML232
Definition. Let V be a nonempty, open subset of Rn, let f : V → R,
and let p ∈ N.
(i) f is said to be Cp on V if and only if each partial derivative of f of
order k ≤ p exists and is continuous on V.
(ii) f is said to be C∞ on V if and only if f is Cp for all p ∈ N
Cp(V ) denotes the set of functions that are Cp on an open set V
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Theorem. [Clairaut-Schwarz] Suppose that V is open in R2, that
(a, b) ∈ V, and that f : V → R. If f is C2 on V
∂2f
∂y∂x
(a, b) =
∂2f
∂x∂y
(a, b)
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Theorem. [Clairaut-Schwarz] Suppose that V is open in R2, that
(a, b) ∈ V, and that f : V → R. If f is C2 on V
∂2f
∂y∂x
(a, b) =
∂2f
∂x∂y
(a, b)
Theorem. If f is C2 on an open subset V of Rn, if a ∈ V , and if
j 6= k, then
∂2f
∂xj∂xk
(a) =
∂2f
∂xk∂xj
(a)
